We report the control of the dressed state in three-mode optical entanglement in an N-type four-level system using two cascaded parametric amplification four-wave mixing steps inside an atom-like optical cavity and injected by thermal optical fields: a coherent field and the Einstein-Podolsky-Rosen field. First, cavity dressing results in Aulter-Towns-like (AT-like peak) anti-squeezing. And the three-cavity dressing interaction induces multi-AT-like peaks. Meanwhile, the cavity enhanced nonlinear gain results in one squeezing dip polariton. In addition, the coupling of three enhanced nonlinear gains brings about multi-dip squeezing. Second, as two nonlinear coefficients change, the nonlinear phase makes the squeezing profile (in phase, amplification) turn into an anti-squeezing profile due to nonlinear loss (out of phase, de-amplification). Finally, the squeezing profile can also be modified by field dressing (AT splitting, enhancement and suppression), and the squeezing degree is affected by injection fields. Thus, by judging the squeezing of three nonseparability criteria, we get three-mode optical entanglement.
Introduction
Quantum entanglement shared among multiple quantum modes is important for both fundamental science and the future development of quantum technologies. It plays an indispensable role in quantum dense-coding [1] , quantum teleportation [2] , quantum cryptography [3] and quantum imaging [4] . Thus, it is necessary to prepare a stable, efficient and reliable quantum entangled state with good performance of parameters such as portability, stability and multi-functionality.
Conventionally, paired photons generated from spontaneous parametric down-conversion in both theory [5] and experiment [6] have been studied extensively. However, they have a very wide bandwidth (>THz) and ultra short coherence time (<ps) [6, 7] .
By contrast, the spontaneous parametric four-wave mixing (SP-FWM) process inside the optical cavity has better performance in terms of narrow bandwidth (<MHz) and bi-photons with a long coherence time (>0.1-1.0 µs). Two beams of light can be quantum mechanically entangled through correlations of their phase and intensity fluctuations [8] .
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Dressing control of three-mode entanglement in two cascaded four-wave mixing
While inside the optical cavity, the spectral features can be controlled by the relative phase between the injected field and the pump field for phase-sensitive optical parametric amplification (OPA) by injecting a squeezed vacuum field [9] . Then, the multipartite continuous-variable (CV) quadripartite cluster and Greenberger-Horne-Zeilinger entangled states are also generated [10] . What is more, the sufficient inseparability criterion [11] for CV multipartite multi-mode entanglement has been proposed.
As a result of atomic coherence, electromagnetically induced transparency [12, 13] and dressed multi-wave mixing [14, 15] attracts a lot of attention currently. Experimental research has also demonstrated that the absorption spectrum agrees well with calculations based on the double dressing density-matrix equations [16] .
Next, the quantum fluctuations and correlations of the output signal and idler beams from a type-II polarization nondegenerate OPA inside an optical cavity, which is driven by the different kinds of quantized fields, were investigated [17] . Moreover, the influence of dark states on single-mode and two-mode optical squeezing in a four-level atomic-cavity coupling system was investigated [18, 19] . In the meantime, the transitions between the bright and dark states by singlydressed and nested-cascade, parallel-cascade, sequentialcascade doubly-dressed FWM were also reported [20, 21] . However, we have comprehensibly studied one and two mode entanglement with dressed states in an atom-like system by FWM [18] [19] [20] [21] , but investigations on three-mode entangled states using the dressed state in an atomic ensemble with different injection field have not been reported theoretically or experimentally.
In this letter, we demonstrate the control of dressed states explicitly on three-mode optical entanglement by two cascaded four-wave mixing (TC-FWM) steps inside an optical cavity under three different injection fields. The antisqueezing peak is determined by cavity dressing, the squeezing dip polariton is determined by nonlinear gain and the squeezing profile is modified by a field dressing. In our further study, we discover that the interaction of a three cavity dressing with the coupling of three enhanced nonlinear gains results in multi-peak anti-squeezing and multi-dip squeezing, respectively. Meanwhile, the nonlinear phase leading to nonlinear gain becomes nonlinear loss and, finally, makes the curve inverted. We also discover different factors influencing squeezing for three different injection fields. Thus, our atomlike system has the advantages of multi-adjustable parameters such as cavity dressing, field dressing, nonlinear gain and nonlinear phasing.
The letter is constructed as follows. In section 2, we first briefly introduce SP-FWM and parametric amplification four-wave mixing (PA-FWM) processes, and then we theoretically propose the inseparability criterion of three-mode entanglement in the atomic cavity. In section 3, we numerically study three-mode entanglement in the atomic cavity with the modification of cavity dressing and field dressing in different injection fields. In section 4, we conclude the letter.
Basic theory
Two cascaded PA-FWMs in a cavity
In this study, we investigate three-mode entanglement by TC-FWM in an atom-like cavity with an injecting field (figure 1). This N-type four-level atom-like system is provided by a 0.05% rare-earth Pr 3+ doped Y 2 SiO 5 (Pr
3+
:YSO) crystal. Firstly, we introduce two cascaded SP-FWM processes of three-mode shown in figure 1(a) . Such cascaded processes consist of two cascading involved closed loop SP-FWM processes, which use three pumping beams denoted as E 1 (frequency ω 1 , wave vector k 1 , Rabi frequency G 1 ), E 2 (ω 2 , k 2 , G 2 ), E 3 (ω 3 , k 3 , G 3 ) for generating the entangled photons E S1 (ω S1 , k S1 , G S1 ), E S2 (ω S2 , k S2 , G S2 ) and E S3 (ω S3 , k S3 , G S3 ), respectively. Now, we consider the energy level system in cascaded FWM, which is constructed by four energy levels 0 , 1 , 2 , and 3 , as shown in figure 1(a) . This energy level system can be divided into two parts, Λ-type and V-type three-level subsystems. Two sub-systems can generate a series of optical SP-FWM processes by coupling the corresponding laser fields. When there is pumping, beams k 2 and k 3 (propagating in the opposite directions), and the Λ-type three-level sub-system 3 ↔ 2 ↔ 0 generates two SP-FWM processes. Entangled signals k S2 and k S3 are also generated along different directions. In addition, entangled beams satisfy phase-matching conditions
The conservation of energy is ω S2 + ω S3 = ω 2 + ω 3 . We define the frequency detuning of E 2 and E 3 as
where ω mn denotes the corresponding atomic trans ition frequency, i i ω ϖ δ = + is the laser frequency, i ϖ is the center frequency and δ is the line width. A similar situation in the V-type, three-level sub-system is 2 ↔ 0 ↔ 1 . The field E 1 connects the energy levels 0 and 1 , and the SP-FWM signal E S1 is obtained from the pumping beams E 1 . k S1 and k S2 propagate in opposite directions, satisfying phase-matching conditions k S2 = k 1 − k S1 + k 2 and k S1 = k 1 − k S2 + k 2 , respectively. While k S1 and k S2 are generated along different directions they satisfy energy conservation ω S1 + ω S2 = ω 1 + ω 2 . The frequency detuning is definied again as E 1 as
The connection between two involved closed loop SP-FWM processes (Λ-type and V-type in figure 1(a) ) is that the two cascaded processes share the same pumping beam E 2 and output beam E S2 both in frequency domain and spatial domain. The two cascaded SP-FWM processes are similar to SP six-wave mixing (SP-SWM) with the phase conditions
Secondly, we present the cascaded PA-FWM process as shown in figure 1(b) . The schematic diagram of three-mode entanglement shows pumping beams E 1 , E 3 and E 2 passing through the atomic vapor in different directions (Pr figure 1(b) ), which correspond to the injected channels k S1 , k S2 and k S3 , respectively. We should notice that there is small angle (~0.3°) between k 1 and k 3 :YSO crystal is set in the atomic vapor cell. To shield it from external magnetic fields, the atomic vapor cell is wrapped in metal sheets, and heat tape is placed outside the sheets for controlling the temperature (holding at 77 K). Our analysis is also suitable for a standing-wave cavity for we do not consider Doppler effects. Considering the limit of the cavity, the conical emission disappears. However, if paired photons are generated simultaneously, the entanglement state still exists.
We now consider the atom-cavity coupling effect. After amplification by seeding beams, three-mode squeezing can be enhanced in this coupled atom-cavity system (nonlinear gain Q is modified by cavity enhancement factors g c N i
). Meanwhile, due to the cavity dressing effects of g c N 1 2 2 , we can obtain two splitting energy levels as levels Meanwhile, the three-mode squeezing can be modified by field dressing. Considering the three pumping beam intensity condition E E 2 3 > and E E 3 1 , E S1 , E S2 and E S3 become dressed PA-FWM. To simplify the calculation we consider ω S1 , ω S2 and ω S3 as single-frequency light (i.e. δ = 0); the corresponding dressed state diagrams are shown in figure 1(c2) 
. Such inseparability criteria can be adjusted by cavity dressing, field dressing, nonlinear gain and nonlinear phasing. To study quantum correlation variances of three-mode entanglement numerically, the detailed deduction of the inseparability criteria is given in section 2.2.
Three-mode entanglement
In a cascaded three-level sub-system, the corresponding density matrix elements can be obtained by solving the densitymatrix equations via a pathway. Considering the field dressing effect, we can obtain the third-order density matrix element for k S2 via the pathway E : ( ) ( / ) ( ) 
T is the transmission coefficient of the output mirror, Δ is the cavity detuning, and γ is the inter-cavity loss. is the strength of the atom-cavity coupling in the single-atom cavity.
Next, we consider the pumping fields to be much stronger than the three outputs of the cascaded SP-FWM (E S1 , E S2 and E S3 ). Therefore, we assume three classical fields (E 1 , E 2 and E 3 ) and three quantum fields (described as a S1 , a S2 and a S3 ), respectively. Therefore, the Hamiltonian describing this cascaded SP-FWM process can be expressed as
Lastly, we calculate the amplitude quadrature and phase quadrature summation of three-mode squeezing from the frequency domain. According to the Heisenberg motion equation,
, when building the field operator equation in the cavity we consider loss and nonlinear gain with injection. With the self-and cross-Kerr nonlinearities, we can obtain (5), we can get a S1 , a S2 and a S3 with θ p = 0 as: 
The amplitude and phase operators in this letter are described with the electromagnetic field annihilation operator a X Y i . In order to calculate the quantum correlation of PA-FWM progress, we define the normalized amplitude quadrature and phase quadrature coupled modes:
where 
, we can reduce the amplitude and phase variances of the cascaded PA-FWM signals through equations (8a)-(8d):
Reduced results are shown in appendix B. Then, the quantum correlation variance of the quadrature phase and amplitudes can be calcu-
; the calculations are shown in appendix C.
Thus, the nonseparability criterion of the three-mode entanglement state is given by
Meanwhile, the computations thata include the nonlinear coefficient and cavity coupling factor are shown in appendix D.
Our following investigation on quantum correlation variances is based on the criterion shown in equations (10a)-(10c).
Numerical simulation and analysis
When we investigate the condition of the three-mode entanglement in cascaded FWM in an atomic cavity, we should satisfy at least two of the three entanglement non- (10c)). It should also be noted that the 'squeezing' indicates satisfying one nonseparability criterion. We define SNL as shot noise limit with nonlinear gain coefficients and  ,  1   1 2  3 2 3  2  2 3 , and our condition is SNL = 0. Therefore, the degree of squeezing is equivalent to the normalized quantum variances lying below zero (figures 2-4), and there is 'anti-squeezing' when the variances are greater than or equal to the SNL.
From the expression of a S1 , a S2 and a S3 in equations (5a)-(5c) and the deductions of nonseparability criteria 1-3 in equations (10a)-(10c), we can find that two nonlinear coefficients, 1 κ and 2 κ , and three cavity coupling factors, g 1 , g 2 and g 3 , have different controllability on different nonseparability criteria. Meanwhile, from the expressions of nonseparability criterion 1 in equation (10a), we find that it is the cavity coupling factor g 1 that plays the dominant role, and cavity coupling factors g 2 and g 3 that play the non-dominant roles in the squeezing condition. Thus, nonlinear coefficient Q g ,
plays a dominant role, and Q g , ,
and Q g , 3 2 3 ( ) κ play non-dominant roles. The dominant and non-dominant relationship determines our subsequent discussion on the squeezing situation under three different nonseparability criteria.
Einstein-Podolsky-Rosen (EPR) field
In figure 2, we consider the cavity dressing and field dressing inside the optical cavity with the injection of an EPR field. When the injection is in theEPR field, we have
The curves under nonseparability criterion 1 in figures 2(a)-(c) are versus Δ with different Δ 3 , Δ 2 and Δ 2 , respectively. The squeezing situation is similar when scanning Δ in figure 2 . We take the curve in figure 2(a1), which is selected from figure 2(a) for illustration. First, the 'dressing-like' effect (squeezing dip in figure 2(a1)) realized by the nonlinear gain Q g , − and 2 in figure 1(c1) correspond to double peak anti-squeezing (two bright states) and the squeezing (dark state) dips in figure 2(a1).
When scanning Δ from negative to positive (curve in figure 2(a1) ), we get a left anti-squeezing peak at Δ/(γ + γ c ) = −3 (bright state), a right anti-squeezing peak at Δ/(γ + γ c ) = 3 (bright state) and a squeezing dip at Δ = 0 (dark state). The left anti-squeezing peak and right anti-squeezing peak satisfy dressing suppression conditions 0
, respectively. The middle squeezing peak satisfies the dressing enhancement condition Δ − Δ 1 = 0. The curve in figure 2(a1) is at a maximum of squeezing at Δ = 0, while the maximum positions of anti-squeezing are at Δ/(γ + γ c ) = ±3 (AT-like splitting). Simultaneously, as we can witness from the profiles in figures 2(a)-(c), the squeezing dip is deepened or weakened by the different detuning of the dressing field. For the three pumping beam the intensity conditions are E E 2 3 > and E E 3 1 , and we consider the strong field E 2 as the dressing field for modifying the profiles in figures 2(a)-(c).
Induced by the single dressing field E 2 , we have the dressing term G i and the dressing suppression condition Δ 3 − Δ 2 = 0, respectively. When Δ 2 is scanned at Δ 3 = 10, the coupling field can resonate with G − and 2 ( figure 1(c2) ), so the FWM signal is the left bright state (squeezing dip profile) at Δ 2 /(γ + γ c ) = −45 and the right dark state (weak dip profile) at Δ 2 /(γ + γ c ) = 5 in figure 2(b) . When Δ 2 is scanned at Δ 3 = 0, it will only resonate with 2 ( figure 1(c2) ). This satisfies the dressing suppression condition Δ 3 − Δ 2 = 0. So the FWM signal is the all-dark state (middle weak dip), and the minimum squeezing position is at Δ 2 /(γ + γ c ) = 0 and the maximum squeezing position at Δ 2 /(γ + γ c ) = ±45 in figure 2(c). In comparison with the control of field dressing and cavity dressing, we may observe that the cavity dressing term g c N i 1, 2, 3) , respectively. We can observe the control of cavity dressing and field dressing on squeezing explicitly.
Comparing the 3D simulations (figures 2(d1)-(d3), (e1)-(e3) and (f1)-(f3)) of quantum correlation variances
we can find that the graphs have a similar squeezing situation if they have the same variables under three nonseparability criteria. For the graphs in figures 2(d1)-(d3), they all have a double-peak squeezing profile at Δ 3 /(γ + γ c ) = ±30 and one weak dip profile at Δ 3 = 0. For the graphs in figures 2(e1)-(e3), they all have maximum squeezing at Δ 2 /(γ + γ c ) = −45 and minimum squeezing at Δ 2 /(γ + γ c ) = 5. In figures 2(f1)-(f3), maximum squeezing is at Δ 2 /(γ + γ c ) = ±45 and minimum squeezing is at Δ 2 = 0. Thus, in figures 2(d1)-(d3), we get the maximum entanglement at two squeezing dip profiles. In figures 2(e1)-(e3), the maximum entanglement (squeezing dip profile) is at Δ 2 /(γ + γ c ) = −45 and the minimum entanglement (weak dip profile) is at Δ 2 /(γ + γ c ) = 5. In figures 2(f1)-(f3), the maximum entanglement is at Δ 2 /(γ + γ c ) = ±45 and the minimum entanglement (middle weak dip profile) is at Δ 2 = 0. However, we also find differences in the squeezing degree under three different nonseparability criteria if they have the same variables. The maximum squeezing degree in figure 2(d1) is −0.6(dB), in figure 2(d2) it is −0.6(dB) and in figure 2(d3) it is −2.4(dB). Similar differences have been observed in figures 2(e1)-(e3) and (f1)-(f3). We have discussed at begin of section 3 that two nonlinear coefficients 1 κ and 2 κ and three cavity coupling factors g 1 , g 2 and g 3 lead to the differences in squeezing degree (as shown in figure 2) . To clarify such control, we have further studied the adjustment of nonlinear coefficients 1 κ and 2 κ , and cavity coupling factors g 1 , g 2 and g 3 in a thermal optical field in figure 3.
Thermal field
In figure 3 , we consider the influences of adjusting the nonlinear coefficients 1 κ and 2 κ , and the cavity coupling factors g 1 , g 2 and g 3 on squeezing inside an optical cavity with injecting a thermal field. When injection is in a thermal optical field, we 
3 3 (based on equations (10a)-(10c) for three different nonseparability criteria, respectively) with the same conditions defined in (a)-(c), respectively. The dotted curve is the profile of the squeezing dip. The zero plane shows the SNL.
Firstly, observing the curves that scan Δ in figure 3, we can observe double peak anti-squeezing and one dip squeezing similar to the curves in figure 2 . Then, observing the profiles (dotted curves) of the squeezing dip in figures 3(a1)- (a3) and (b1)-(b3), we can describe the squeezing situation versus the nonlinear coefficients 1 κ and 2 κ at Δ = 0. We find that the change of nonlinear coefficients 1 κ and 2 κ can affect squeezing significantly. The squeezing profile in figure 3(a1) in and a S3 in in figure 1(b) ). The curves in (a1) are versus Δ/(γ + γ c ) at different nonlinear coefficient κ 1 with κ 2 = 0.2 and g 1 = 1 from left to right, respectively. In (b1), they are at different nonlinear coefficient κ 2 with κ 1 = 0.2 and g 1 = 1. In (c1), they are at different cavity coupling factor g 1 with κ 1 = 0.2 and κ 2 = 0.2. The same conditions are defined for nonseparability criteria 2 ((a2) with κ 1 = 0.2 and g 2 = 1, (b2) κ 1 = 0.2 and g 2 = 1, (c2) at different g 2 with κ 1 = 0.2 and κ 2 = 0.2) and 3 ((a3) with κ 2 = 0.2 and g 3 = 1, (b3) with κ 1 = 0.1 and g 3 = 1, (c3) at different g 3 with κ 1 = 0.2 and κ 2 = 0.2). The four curves shown in (a1-5), (a3-1), (a3-4) and (a3-5) are selected from (a1) (fifth one), (a3) (first one), (a3) (fourth and fifth ones), respectively. Another four curves shown in (c2-1), (c3-3), (c3-4) and (c3-5) are selected from (c2) (first one), (c3) (third, fourth and fifth ones), respectively. The dotted curve is the profile of the squeezing dip. The zero plane shows the SNL.
shows that when 1 κ = 0-0.2, the squeezing degree become larger. However, as 1 κ increases from 0.2 to 0.6, the squeezing becomes gradually smaller. In addition, the squeezing turns into anti-squeezing when 0.6 1 κ > . We get a similar profile of nonlinear coefficient 2 κ in figure 3(b1) . Meanwhile, the squeezing profiles in figures 3(a2), (b2) and (b3) are similar to the profiles in figures 3(a1) and (b1). However, the squeezing profile in figure 3(a3) is dramatically different. When 2 κ increases from 0 to 0.5, the squeezing degree becomes larger. When 0.5 2 κ > , the squeezing degree becomes smaller. However, there is no anti-squeezing as 2 κ further increases. Taking the profile in figure 3(a1) to illustrate the change in profile, the profile can be divided into two parts. For the squeezing profile segment (0 0.6 1 κ < < in figure 3(a1) ), the adjustment of nonlinear coefficient 1 κ changes the dominant nonlinear gain coefficient Q g ,
. Therefore, determined by nonlinear gain, the squeezing degree is modified. For the anti-squeezing profile segment ( 0.6 1 κ > in figure 3(a1) ), by increasing the cross-Kerr coefficient n 21 , the larger nonlinear coefficient 1 κ increases the nonlinear phase θ 1 (in equations (5a) and (5b)). As the nonlinear coefficient 1 κ becomes large enough, the nonlinear phase significantly increases. Thus, the relative phase θ p + θ 1 (in equations (5a) and (5b)) between the pumping field and the injecting field transits from in phase to out of phase. The dominant nonlinear gain coefficient Q g ,
becomes the nonlinear loss Q g ,
, and results in amplification to de-amplification. Therefore, we obtain the profile transform from squeezing to anti-squeezing. The trans ition between squeezing profile to anti-squeezing profile in figures 3(a2) and (b1)-(b3) occurs for similar reasons. Next, from equations (10a)-(10c), we know 1 κ has different controllability on nonseparability criterion 3 ( figure  3(a3) ) to that on nonseparability criterion 1 ( figure 3(a1) ) and nonseparability criterion 2 ( figure 3(a2) ). Meanwhile, 1 κ represents a V-type three-level sub-system and 2 κ represents a Λ-type three-level sub-system. This difference result means that 1 κ has different controllability on quantum correlation variances to 2 κ under nonseparability criterion 3. Thus, the profile in figure 3(a3) exhibits differences to the other five profiles (figures 3(a1), (a2) and (b1)-(b3)).
Meanwhile, when scanning Δ in an anti-squeezing profile segment, special cases are one peak anti-squeezing ( 0.8 figure 3(a1) ) and multi-peak anti-squeezing ( 0 1 κ = in figure 3(a3) and 0.6, 0.8 figure 3(b3) ) appears. To show these special cases explicitly, we have enlarged the curves in figures 3(a1-5), (a3-1), (b3-4) and (b3-5). The relative phase θ p + θ 1 (equations (5a) and (5b)) in figures 3(a1-5) and (a3-1), and the relative phase θ p + θ 2 (equations (5b) and (5c)) in figures 3(b3-4) and (b3-5) are out of phase, respectively. Thus, the dominant nonlinear gains (Q g , figure 3(a1-5) , and Q g , 
, respectively), squeezing turns into anti-squeezing, and the normal curve becomes an 'inverted curve' that lies above the SNL. Considering the stronger 'dressing-like' effect than cavity dressing, we can observe one anti-squeezing peak in figure 3(a1-5) 
in figures 3(a1-5), (b3-4) and (b3-5). Then, the coupling of the 'dressing-like' effect realized by one dominant and one non-dominant nonlinear loss results in two more anti-squeezing peaks. In figure 3(a3-1) , the change of 2 κ modifies the dominant nonlinear loss Q g , 3 
results in three anti-squeezing peaks (bright states). This is illustrated by the curve exhibited in figures 3(a3-4) and (a3-5). The antisqueezing peak in theenlarged curve is at Δ/(γ + γ c ) = 0, ±2 in figure 3(b3-1) , Δ/(γ + γ c ) = 0, ±1 in figure 3(a3-4) and Δ/(γ + γ c ) = 0, ±1 in figure 3(a3-5) . We can witness the competition of two 'dressing-like' effects in the anti-squeezing degree as changing nonlinear coefficients.
Comparing the quantum correlation variances κ κ > , the entanglement turns into noise. Thus, threemode entanglement can be either get enhanced or turned into noise by changing the nonlinear coefficients 1 κ and 2 κ . At the same time, a zero or large value of the nonlinear coefficients 1 κ and 2 κ can enlarge the coupling of the 'dressing-like' effect in anti-squeezing.
After that, the profiles in figures 3(c1)-(c3) are the plots of variance versus cavity coupling factor g i at Δ = 0, and the profiles describe that when g 0.2 1 > − anti-squeezing turns into squeezing, then there is one squeezing dip profile at g 1 1 = in figure 3(c1). In figure 3(c2) , the anti-squeezing degree begins to decrease when g 1 2 > − , and then turn into squeezing when g 0. 6 2 > . In figure 3(c3) , with the increasing of g 3 , the squeezing degree gradually gets smaller and finally becomes antisqueezing when g 6 3 = . Meanwhile, we get the maximum squeezing position at g 1 1 = in figure 3(c1) , g 2 2 = in figure 3(c2) and g 6 3 = − in figure 3(c3) , taking the profiles in figure 3(c1) (nonseparability criterion 3) for illustration. When changing the cavity coupling factorg 1 , the element 10 3 ( ) ρ is modified by the cavity dressing effect. The modification of 
, and finally leads to the profile in figure 3(c3) transiting between squeezing and anti-squeezing. The transition of squeezing profile to anti-squeezing profile in figure 3(c2) (nonlinear phase θ 1 and θ 2 ) and figure 3(c3) (nonlinear phase θ 2 ) occurs for similar reasons.
When the relative phase is in phase, we can get AT-like splitting when scanning Δ in figures 3(c1)-(c3). As shown in the enlarged curve in figure 3(c2-1) , the squeezing dip is at Δ = 0 and the two anti-squeezing peaks are at Δ = ±3. When the relative phase is out of phase, we get inverted AT-like splitting in figure 3(c2-1) 
). The squeezing dip is at Δ = ±3 and the anti-squeezing peak is at Δ = 0. More interestingly, we discover that the specific cavity coupling factor g i can lead to multidip squeezing and multi-peak anti-squeezing in figures 3(c3-4) and (c3-5). Increasing the cavity coupling factor g 3 gives rise to the stronger cavity enhancement effect (originating from g c N i come into coupling and then bring about multidip squeezing in figures 3(c3-4) and (c3-5). Such a coupling effect is similar to the sequential-cascaded dressing relationship. Three squeezing dips (dark states) are at Δ = 0, ±2 in figure 3(c3-4) (g 3 3 = ). However, the relative phase becomes out of phase in figure 3 (c3-5) (g 6 3 = ), and one nonlinear gain becomes nonlinear loss. Thus, the squeezing dip at Δ = 0 becomes an anti-squeezing peak, and another two dips that originate from the coupling of nonlinear gain are still at Δ = ±3.
Meanwhile, the cavity dressing term g c N i /[ ( ) ] γ ∆ − ∆ + (originating from a S1 , a S2 and a S3 in equations (3a)-(3c), respectively). Three cavity dressing is the sequential-cascaded relationship in figure 3(c3-4) and in figure 3(c3-5) . The interaction of the three cavity dressing terms g c N i
The anti-squeezing peaks (bright states) are at Δ = ±1, ±3 in figure 3(c3-4) and at Δ = ±1, ±3 in figure 3(c3-5) . The multi-peak anti-squeezing and multi-dip squeezing are similar to the coupled optical cavities that determine the line shape of reflected quantum noise spectra [23] .
The curves in figure 3 indicate that the squeezing characteristics can be effectively controlled by the nonlinear phase (θ 1 , θ 2 ), the coupling of three nonlinear gains (Q g ,
) and the interaction of a three cavity dressing with a thermal field. Then, we investigate the two field dressing effect and demonstrate the differences in squeezing with three different injection fields in figure 4.
Comparison of three different injecting fields
Up to now, we have investigated the control of a cavity dressing and a one field dressing with an injecting EPR field (figure 2) as well as the adjustment of nonlinear coefficients 1 κ and 2 κ , and cavity coupling factors g 1 , g 2 and g 3 with an injecting thermal field (figure 3) on three-mode entanglement. Now, we investigate how a two field dressing modifies nonlinear gain and demonstrate how different injecting fields affect squeezing in figure 4 . We have presented the injection condition for an EPR field (figure 2) and a thermal field (figure 3). For a coherent field, the injection con-
First, we study the modification of a two field dressing on the squeezing dip in figures 4(a)-(c) with a thermal field. Similarly to the curves in figures 2-3, we get double peak antisqueezing and one squeezing dip when scanning Δ in each graph in figure 4 . Next, by contrast with the one dressing field E 2 in figure 2 , here we consider the stronger pumping beam intensity of E 3 in figure 4 . Thus, there will be two dressing fields E 2 and E 3 manipulatign the profile of the squeezing dip. The 3D simulations of the squeezing with thermal field in figures 4(a)-(c) show the effects of field dressing clearly. We get a pure suppression profile in figure 4(a) , the weak dip profile is at Δ = 5, while in figure 4(b), dressing half-enhancement and the half-suppression profile are at Δ 2 = −20 and 5 (including a weak dip profile at Δ 2 = −5), respectively. The profile in figure 4(c) exhibits double AT-splitting (the four squeezing dip profiles are at Δ 3 = ±10, ±20). Here, originating from two dressing fields (E 2 and E 3 ), we consider two density matrix elements, /( ( ) ) Γ + ∆ − ∆ have a sequential-cascaded dressing relationship.
The profile in figure 4(a) is at different Δ 2 with Δ 3 = 0, and it can only resonate with Δ 2 − Δ 3 = 0 (all dark state). Thus, similar to the single dressing, we can get the minimum squeezing profile at Δ 2 = 0, and the maximum squeezing profile at Δ 2 = ±20. Meanwhile, the profile in figure 4(b) is at different Δ 2 with Δ 3 = 10. The two dressing induces two dark states. We get the half-enhancement and half-suppression profiles corresponding to the maximum squeezing profile at Δ 2 = −20 (bright state) and minimum squeezing profile at Δ 2 = 5 (dark state). The small weak dip profile is at Δ 2 = −5 (dark state). When scanning Δ 3 with Δ 2 = 0 in figure 4(c), three dressing induces three dark states and four bright states. We get a double AT splitting profile, four squeezing dip profiles at Δ 3 = ±10, ±20 (bright states), and three weak dip profiles at Δ 3 = ±15 (dark states). Thus, compared with the single dressing from one E 2 field in figure 2 , the three dressing from E 2 and E 3 fields gives rise to a multi-dip squeezing profile in figures 4(a)-(c). With the same field detuning as defined in figure 2, there will be the same pure suppression profile (figure 4(a) compared to figure 2(c)), one more weak dip profile in half-enhancement and half-suppression (figure 4(b) compared to figure 2(b) ) and two more squeezing dip profiles in AT-splitting ( figure 4(c) compared to figure 2(a)) .
Then, we demonstrate that the squeezing situation is similar under different injection fields (as shown in figures 4(d1)-(d3), (e1)-(e3) and (f1)-(f3)). Taking the curves in figures 4(d1)-(d3) for illustration, the squeezing and squeezing profile situation is similar to that in figures 4(a)-(c), while, we can find differences in the squeezing degree between different injecting fields. Injecting with a thermal optical field, the squeezing degree is −1.2(dB) at Δ = 0 with Δ 2 = −50 in figure 4(d1) , injecting with a coherent field, the squeezing degree is −1.5(dB) at Δ = 0 with Δ 2 = −50 in figure 4(e1), and injecting with a coherent field the squeezing degree is −1.9(dB) at Δ = 0 with Δ 2 = −50 in figure 4(f1). Other curves have similar levels of squeezing if they change the same variables but with different injection fields. Therefore, with three different injection fields, the manipulation of the cavity dressing, field dressing, nonlinear coefficients 1 κ and 2 κ , and cavity coupling factors g 1 , g 2 and g 3 on three-mode entanglement is similar. The distinction between the three different injections is different controllability with squeezing degree. Numerically, we can conclude that the EPR field (figures 4(c1)- (c3)) is stronger than the coherent field (figures 4(b1)-(b3)), and the coherent field is stronger than the thermal optical field (figures 4(a1)-(a3)).
Conclusion
In summary, we have theoretically investigated the three-mode entanglement inside an atom-like cavity by two cascaded PA-FWM. The multi-AT-like anti-squeezing is determined by the interaction of three cavity dressing originated from g c N by the polariton effect. The adjustment of the two nonlinear coefficients 1 κ and 2 κ , and the three cavity coupling factors g 1 , g 2 and g 3 modifies the cross-Kerr nonlinear phases θ 1 and θ 2 and finally leads to the switching of relative phases θ p + θ 1 and θ p + θ 2 . Thus, the nonlinear gains Q g ,
, amplification becomes de-amplification, and squeezing becomes anti-squeezing. Finally, injection of a thermal optical field, a coherent field and an EPR field can influence the squeezing degree. By investigating the squeezing of each nonseparability criterion we get three-mode entanglement. This study may have broadened the range of applications in long-distance quantum communication and quantum imaging. 
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